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Abstract: The new experiment-calculated method to determine the optimal ordered structures (multilayered coatings among them) 
parameters is worked out. It’s based on the consequence of the Pontryagin maximum principle, proved in the article: “At a small 
modulation depth of the material performance’s control parameter its variation law is determined by the sign of the inverse Fourier 
transformation of the material’s frequency-performance characteristic (FPC)”. The method’s advantages are illustrated by the 
optimization of the superhard TiN/VN multilayered coating’s parameters and the frequency variation law to suppress parametric 
oscillation. 
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1. Introduction 

It’s commonplace now that multilayered periodic 

coatings—“superlattices” (a subset of metamaterials 

[1]) demonstrate some performance characteristics far 

above those of their constituents. For example, the 

whole hardness of the superhard coating TiN/NbN is 

around 52 GPa, whereas HTiN = 21 GPa, HNbN = 14 

GPa [2]. The author [2] marked that this hardness 

enhancement is quite a complex phenomenon. The 

functional properties of the considered coatings, as 

well as any others, are determined extensively by their 

real structure—grain dimensions, impurities, texture, 

phase composition, internal stress level etc. Really, 

the solution of the direct problem that is the 

determination of some macroscopic characteristic 

functional dependence upon the microscopic coating’s 

properties seems to be extremely difficult if at all 

possible. 

The functional improvement of multilayered 

structures as compared with the uniform ones is 

explained in Ref. [3] on the basis of OCT (optimal 
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control theory). The inference has been made that the 

ordered structures (not necessarily 1D, which is 

multilayered) are the new class of materials 

possessing the set-up properties. To ensure these 

properties the sharp variation of the corresponding 

parameters and the precise execution of their 

variation law are needed. Thereby it has been 

proposed to replace the direct problem solution by the 

inverse one.  

However it can be solved only by simulation in rare 

instances. The simplified OCT application points out 

most common development directions—materials 

choice, the scope of characteristic ordered structures 

dimensions. In practice both the description of the 

concrete coating action—state equations and the 

performance criterion explicit 

formulation—FOM—may be extremely complex and 

subject of an original research. A question is bound to 

arise: is it possible to solve this inverse problem with 

the help of some few experiments? 

As marked in Ref. [4], the multilayered periodic 

coating deposition is not only the aim of preliminary 

investigations in the material with set-up properties 

development, but at the same time the powerful tool 
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for this aim attainment. Besides it refers not only to 

the coating’s parameters themselves, but to the 

corresponding technological process as well. It’s a 

consequence of the other important feature of such 

structures dramatically differing them from uniform 

materials—the multilayered structures 

informativeness. The simplest type of such 

information is the set of layer’s thicknesses. 

Moreover, cross-sections of such structures provide 

one the information about the coating deposition 

process itself, the influence of any technological 

parameter’s variation on the growth rate, composition 

and crystal structure. In fact, the resulting coating is 

the record of the composition, energy and flow density 

of the surface bombarding species—atoms, ions, 

clusters etc. time variations. This record may be used 

to determine optimal technological parameters—the 

“time markers method”. However, there is another 

aspect of the comprehensions “tool” and 

“informativeness” used above related to the inverse 

problem experimental solution. 

2. Formulation of the Problem 

Let the determination of some material parameter 

(refractive index, hardness etc., being the function of 

composition and structure) variation law providing the 

extreme value of some functional characteristic (or 

figure of merit—FOM) of the coating (wear or heat 

resistance etc.) be the aim of the investigation. The 

apriori calculation of such a law is ordinarily 

impossible because of the direct problem solution (or 

even correct description) absence. Such functional 

characteristic is usually expressed by the quantity 

whose value determines the degree of the goal 

attainment. 

Let’s consider the FOM whose extreme value is 

implied to be attained by the ordered multilayered 

structure creation as the performance criterion in the 

OCT problem – K. If the control parameter variation 

law upon the abscissa x is f(x), then in the simplest 

case one can consider K as the result of some linear 

integral operator (with the kernel R(x)) effect on f(x) 

(the coating thickness – L): 

 
L

ffxfdxxfxRKK
0

minmax0 ],[)(,)()(

(1) 
K0—is the FOM value at some mean control 

parameter value.  

2.1 Definition 

If there is a set of periodic structures with multiple 

varying space frequencies, specially prepared to FOM 

investigation, then FOM dependence on the space 

frequency is the FPC (frequency-performance 

characteristic). 

Let’s make the reservation that in experiment one 

usually varies the coating composition or structure, 

not the control parameter itself being some function of 

them. Only at rather small composition variation the 

control parameter may be considered as its linear 

function. The range of f(x) is limited and may be 

expressed in arbitrary units, for instance—the doping 

concentration from 0 to 100% or ratio from 0 to 1, the 

disorder degree: 0—amorphous, 1—crystalline 

(nanocrystalline at characteristic dimensions in the 

growth plane lying in the nanometer range) etc. The 

explicit form of the kernel is obviously unknown and 

can hardly be obtained by simulation. However it’s 

clear that if R(x) does not change its sign on the 

interval [0, L] the extreme value of K is achieved 

when f(x) has the extremely possible value on the 

whole interval. It is positive when one has to 

maximize K and positive R(x) too, in the case of 

negative R(x) vice versa. It is at trivial conclusion but 

it’s indirectly implied at the attempts to develop the 

set-up properties FOM coating. One can see as 

example different attempts to make a good 

wear-resistant coating extremely hard upon its whole 

thickness, whereas multilayered hard-soft coatings 

demonstrate much better wear resistance. It means that 

R(x) nevertheless changes its sign and therefore to 

obtain the extreme K one has to use the control 
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parameter variation law corresponding to switching 

the f(x) from maximum to minimum value at the R(x) 

zeros, just like in many OCT problems. But if the 

OCT problem may be solved by means of calculation 

in this general case it’s absolutely impossible. So the 

aim of the preliminary experimental investigation 

comes to the determination of the operator kernel 

explicit form. 
 

If one rewrite (1) in OCT terms, that is  

)()(,))(,,()()(
0

0

0

0 xfxudxxupyfdxxfxRKK
L

ii

L

             (2) 

With unknown and undetermined zero right hand state equation, state variables and costate variables

ii pyf ,,0 , than the general form of the Hamiltonian provided to linear dependence on the control parameter 

u(x) and 10 p  is: 

),,(),(),(),,( 0 upyfpyugpyhupyH iiiiiiii                  (3) 

According to the Pontryagin maximum principle the Hamiltonian for the optimal control is constant, maximal 

and equal to zero. It means that integrating (3) upon the coating thickness and transposing the integral of f0 at the 

left part of the equality one obtains: 


L
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The control parameter variation in Eq. (4) changes not only the second integral’s value but the first one’s too, 

whereas the Hamiltonian, which can be withdrawn from the integral, will not be zero. However, if the variation is 

rather small one can confine oneself to the linear term of the Taylor expansion of the 1-st integral integrand 

),,(),(),,( upyHpyhupyl iiiiii  : 
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By now the Eq. (4) may be rewritten in the form precisely corresponding to Eqs. (1) and (2) not only for the 

optimal control parameter variation law: 
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The determination of the explicit form of this 

unknown kernel R(х) may be worked out with the 

“experiment-calculated method” if, of course, the 

operator is linear. The procedure is quite analogous to 

the inverse Fourier transformation up to the 

replacement of harmonic functions by piecewise 

constant (sequent) periodic ones [5], still not 

necessarily Walsh functions. Let the expansion 

interval be given from some auxiliary reasons

],0[ Lx   and the set of periodic structures with 

multiply varying periods being (almost) sequent 

analogues of trigonometric Sin(x) – si(x)and Cos(x) – 

ci(x) being prepared. The set of these structure FOMs 

is the FPC, as determined above. The piecewise 

constant variation law of the control parameter is 

much easier experimentally provided than the 

harmonic one, though due to the inevitable smooth 

technological parameters variation and diffusion there 

always smooth transient zones. 

Any practically realizable function may be 
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expanded into a series of these sequent functions on 

the given interval and the Euler-Fourier coefficients of 

this expansion are FOMs of such structures: Кi for the 

“Cos” corresponding structures and К*
i for the “Sin” 

corresponding1: 

  
L

ii

L

ii dxxsxRKdxxcxRK
00

)()(,)()(

(7) 

Then the unknown kernel is really series 

represented: 

  ))()(()( 0 xsKxcKKxR iiii (8) 

Having built this function we obtain the desired 

solution that is the composition variation law in such a 

form:  
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So the kernel is really the inverse Fourier 

transformation of the FPC and its signature determines 

the optimal control parameter variation law. In fact on 

experimental kernel determination one need not 

necessarily use exactly the orthonormal sequent 

functions set. It’s enough to use simply signatures 

whereas calculating the kernel one may use harmonic 

functions. This fact strongly simplifies the general 

method. 

3. Design-Theoretical Verification of the 
Method 

The verification of the previous section results may 

be worked out for problems allowing the exact 

solution as well as for those with unknown solution 

                                                           
1 Walsh functions may certainly be used because they are 
complete and orthonormal, but one needn’t do it due to the 
experimental difficulties.  

but described by some experimental dependencies of 

FOM on the multilayer coating period. The 

“resonance” problem of the interference mirror 

parameters calculation is among the first type ones. 

It’s based on the 1D Helmholtz equation describing 

the stationary electromagnetic field distribution in the 

mirror volume at the external disturbance F(x, t) = 

c2F(x)eiωt, k2 = ω2/c2; an acoustic wave distribution; a 

stationary solution of the Schrödinger equation for a 

particle in the field with potential E—(h2/2m)u(x) (in 

the case F(x) = 0) etc. 

)())(1(2'' xFyxuwkyxx    (10) 

w—modulation depth, u(x) —the control parameter 

variation law, k = 2π/λ—wave vector. If the argument 

in the Eq. (10) is time, instead of k is ω and u(t) is 

periodic, the Eq. (10) describes parametric 

oscillations. If the performance criterion (to be 

minimized) may be written in the form: 

dxxyK
L

2

0

))(( ,           (11) 

Then the OCT problem solution gives such a 

control parameter variation law that suppress 

oscillations (or electromagnetic wave amplitude) 

instead of amplify them as usually occurs at 

parametric oscillations. Such a solution for the 

modulation depth w = 0.26 and the period equal to 10 

a.u., so that ω = 0.2π is shown in Fig. 1. 

The rise of the modulation depth up to the 

maximum (for optics) value 0.8 leads to quickest 

oscillations suppression—Fig. 2. 

Let’s compare the exact solution of this OCT 

problem with that obtained by means of the 

experiment-calculated method. The main assumption 

of the method as applied to the interference mirror 

follows from the fact that the optimal Hamiltonian 

equal to 0 may be written as: 

)()()( 0 xvxpfxH 
 

),()())(1(2 xqxyxuw      (12) 
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Fig. 1  Amplitude y1(x), velocity v1(x) and control parameter variation law u1(x)—at the left and phase trajectory—at the 
right. 
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Fig. 2  Amplitude and velocity corresponding to maximal modulation depth—at the left and phase trajectory—at the right. 
 

where ，  f0—the integrand of the performance 

criterion, y(x) and v(x) are state variables (coordinate 

and velocity in the case of parametric oscillations), 

p(x) and q(x) are costate variables. One can hardly 

realize in practice the harmonic control parameter’s 

variation law whereas at digital simulations they are 

quite possible. Since one can try to use simply 

harmonic functions signatures normalized to the 

period square root in assumption to improve the final 

solution somehow. 

To verify this assumption the expansion interval 

equal to 27 has been chosen just to avoid any 

coincidence with the Bragg frequency and thus the 

parametric resonance condition accordance. The 

optimal performance criterion corresponding to the 

maximal modulation depth (subscript “max”) on the 

interval from 0 to 27 is equal to 9.204: 


27

0

2
max ))(( dxxyKopt  

As it follows from the method description (see 

previous section) it’s applicable at the small 

modulation depth of the control parameter, that’s why 

the calculation has been made for w = 0.1. The 

expansion has contained 10 terms (correspondingly 10 

Sin and 10 Cos or their signatures). For this 

modulation depth the calculated optimal (that is 

calculated for OCT solution) performance criterion is 
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equal to 41.968. The Euler-Fourier coefficients have 

been calculated as performance criterion or FOM 

according to Eq. (7). To do this the multiply harmonic 

or piecewise constant control parameter variation laws 

have been substituted in Eq. (10) that have been 

digitally solved (the initial conditions: y(0) = 1.5 a.u., 

y’(0) = 0) and in Eq. (11) the FOMs have been 

calculated. At last the kernel has been calculated 

according to Eq. (8). Thus the 

“experiment-calculated” control parameter variation 

law has been determined, the Eq. (10) solved with this 

new law and finally solutions and new FOMs 

compared with the optimal one. 

For the Fourier (harmonic) expansion FOM is 

naturally greater than the optimal—42.614 and for the 

signature’s expansion—even more—43.041. However, 

inside the expansion interval all three solutions 

practically coincide but outside the realm of it 

“experimental” solutions begin to diverge as it can be 

seen in Fig. 3. The method would not give sufficient 

advantages from the extent of examination viewpoint if 

it could not be enhanced. Indeed the optimal 

performance criterion calculated for the maximal 

control parameter modulation depth is almost 5 times 

smaller than the “experiment-calculated one”. 

However, this calculated law really makes possible that 

the criterion decreases at the modulation depth increase. 

Drawing the dependence of the calculated criterion on 

the modulation depth one can see that the criterion is 

minimal at w = 0.42 and equal to 23.275. Note that in 

the case of simple harmonic modulation laws the 

modulation depth increase always leads to the 

amplitude’s increase. In our case it occurs too, but 

outside the expansion interval. The further 

improvement may be done due to the alteration of the 

porosity (duty factor), which is the ratio of adjacent 

layers thicknesses. The porosity parameter ε may be 

easily introduced into the calculated control parameter 

variation law according to the definition: 

))((exp  xRsignu          (13) 

For the modulation depth equal to 0.42 the porosity 

parameter 4.677 allows the further decrease of the 

FOM to 16.54. By now one can increase the 

modulation depth again—just to 0.52 which gives K = 

14.635. This convergent algorithm gives at 5th step K 

= 9.455 that is only 3% bigger than the optimal one. 

This ultimate kernel variation law is shown in Fig. 4. 

At that the solution and phase trajectories for the 

optimal and “experiment-calculated” control 

parameter variation laws practically coincide inside 

the expansion interval (0, 27). Outside the interval the  
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Fig. 3  The solutions: yα(x)—for optimal, ye(x)—experimental harmonic and yeS10(x)—experimental piecewise constant 
(sequent) expansion control parameter variation law. 
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Fig. 4  The calculated ultimate kernel dependence on the coordinate.  
 

solution corresponding to the “experiment-calculated” 

law goes away of the phase plane origin—Figs. 5 and 

6. As for the control parameter variation laws 

themselves one can see that they differ 

sufficiently—Fig. 7. This fact explains the 

impossibility of “experiment-calculated” control 

parameter variation law application outside the 

expansion interval. 

It may seem that the optimal law practically 

coincides with the apriori known—the Bragg’s one. 

However, it is not right. In fact, the X scale decrease 

allows one to see that the duty factor differs from 1 

and the frequency is not exactly the Bragg’s one. 

4. Experiment and Simulation Approval of 
the Method 

Let’s give now an example of the proposed method 

application in the case, when the correct optimal 

control parameter variation law cannot be calculated, 

and let’s make a reservation. To correctly optimize 

any coating properties the exact coincidence of the 

lattice structures layer’s thicknesses with the set-up 

parameters is very important. It puts by turn in claims 

the measurement of these thicknesses with the 

nanometer accuracy which can be obtained with the 

tunnel or atomic-force microscopes. At the same time 

the quantitative determination of other important 

integer characteristics, e.g. wear resistance, cannot be 

made with the same accuracy. Even the thin 

micro-hardness value measured with nano-indentor 

cannot be determined correctly due to the lattice 

structure of the coating. Whilst the interrelation of 

macroscopic characteristics and microscopic 

parameters is the subject of individual investigation 

and, generally, it is the common task of the materials 

science. That’s why the choice of experimental data to 

be used is very important. To assure the unambiguous 

one has to use well “structure determined” data at 

least. 

The monocrystal stressed superlattices TiN/VN 

properties have been described in Ref. [6]. They have 

been grown on monocrystal substrates MgO (100) by 

the reactive magnetron sputtering at 750 oC. The 

lattice parameters of TiN, VN, MgO are equal 

correspondingly 0.424, 0414 and 0.4213 nm. The 

experimental dependencies of hardness upon the 

structure period from Ref. [6] are shown in Fig. 8. It’s 

easily seen that like superlattices TiN/Ti [7] that is 

“nitride-metal”, the superlattices “nitride-nitride” 

demonstrate the sharp dependence on the period with 

characteristic maximum in the range of some few 

nanometers. The hardness reaches there maximum of 

5,560±1,000 kg/mm2 at λ = 5.2 nm and then quickly 

falls to 3,950±550 kg/mm2 at λ = 7.5 nm. At the next 

period rise up the hardness slows down to 3,640±550 

kg/mm2 at λ = 32 nm. Whereas the superlattice component’s 
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Fig. 5  The solutions at maximal modulation depth: optimal ym(x) and “experiment-calculated sequent” with 10 terms 
expansion yeS10m(x). 
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Fig. 6  The phase diagrams at maximal modulation depth: optimal ym(x) and “experiment-calculated sequent” with 10 
terms expansion yeS10m(x). 
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Fig. 7  The control parameter variation laws (shifted to 0.5 up and down relative to each other) at maximal modulation 
depth: optimal um(x) and “experiment-calculated sequent” with 10 terms expansion feS10(x). 
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Fig. 8  The dependence of the superlattice TiN/VN (100) hardness is on the period—at the left and on the duty factor—at the 
right (Adapted from Ref. [6]). 
 

hardness was: TiN—2,200±300, VN—1,620±200 

kg/mm2. The TiN0.5VN0.5 alloy hardness is equal to 

2,035±280 kg/mm2. The investigation of the 

dependence of the hardness on the individual layer 

thickness ratio to the whole period (“duty factor” or 

“porosity”) at the λ = 6.5 nm period value has shown 

the existence of the sharp maximum at the lTiN/λ = 0.3. 

On the right plot, experimental data of the 

micro-hardness dependence on the duty factor are 

given in comparison with those, calculated according 

to the Cho and Barnet model [9]. Just to begin with 

that let’s show the calculated plots in assumption the 

control parameter variation law is harmonic and it is 

the Fourier expansion used. The expansion coefficient 

values are calculated from the left plot data (Fig. 1). 

Since experimental points don not correspond exactly 

to multiple structures the exact experimental hardness 

values have been chosen only at characteristic points. 

First of all of its maximum hardness value—5,560 

kg/mm2 at λ = 5.2 nm. This period has been set as the 

3rd harmonic, so the 1st one’s has been 15.6 nm. Its 

hardness value has been calculated in assumption of 

the linear hardness dependence between two 

experimental points—3,640 kg/mm2 at λ = 32 nm and 

3,670 kg/mm2 at λ = 12 nm. For the 2nd harmonic 

with λ = 7.8 nm the calculated value practically 

coincides with the experimental one at λ=7.5 nm. The 

mean value corresponding to the alloy TiN0.5VN0.5 has 

been chosen equal to 2,040 kg/mm2. Altogether there 

has been taken 5 points that corresponds to the 

expansion up to 5 terms. 

It’s obviously insufficient for the exact description 

of the kernel’s dependence on the thickness, but to 

check for example the trend of the hardness 

dependence on the “duty factor” shown at the right 

plot of Fig. 1 it may be enough. Besides it’s 

interesting what may be the maximum calculated 

hardness value. In the calculation the 1st period λ = 

15.6 nm has been set equal to 10 that’s why the period 

of the last 5th harmonic the period has been equal to 2. 

The kernel has been assumed even, thus the expansion 

has been upon the Cos(x) only: 
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The dependencies of the kernel and its signature on 

the TiN/VN superlattice thickness are shown in Fig. 9. 

It’s well seen that though the optimal period is really 

approximately equal to 5.2 nm (that correspond to the 

3rd harmonic) the layers thicknesses inside the period 

are not at all equal. Their ratio is approximately equal 

to 2.5. The indirect confirmation of such a conclusion 

is the author’s of [6] statement about the existence of 

the sharp maximum at the 0.3 ratio of the TiN layer to 

the period at the 6.5 nm period (see Fig. 8). In our 

case the calculated ratio is approximately 1/3.5. For 

such a law the calculated hardness is equal to 7,082 

kg/mm2 instead of maximal experimental value of 

5,560 kg/mm2. The hardness dependence on the 

porosity is not the universal function but depends on 

the harmonic’s number. So, for the 3rd harmonic 

(period corresponding to the maximal experimental 

hardness) such dependence is shown on the next 

figure. For convenient comparison with the 

experimental plot the porosity is expressed as the ratio 

of the TiN layer thickness to the whole period—the 

right-hand plot’s side and VN—the left (negative) 

side. 

One may compare optimal composition variation 

laws calculated as the kernel signature and the 

porosity dependence shown in Fig. 11. For 

convenience, the plots are shifted relative to each 

other on 1.2. In so doing c1(x) (firm unshifted line) 

corresponds to the optimal law calculated according to 

(9) for the 3rd harmonic; c3(x) (dashed line shifted 

down on 1.2) calculated according to the porosity 

dependence for the same harmonic. At last c(x) 

(dot-and-dash line shifted up on 1.2) is the optimal 

law for the 1st harmonic, calculated on the assumption 

of the analogous porosity dependence. It’s seen that 

c1(x) and c3(x) practically coincide. The difference is 

explained by the absence of the sharp maximum on 

the porosity dependence line. The c(x) law on the 

contrary strongly differs from the others and the 

porosity dependence in this case is rather sharp—Fig. 

12. 

Such dependence corresponds rather to the solution 

of a “structural” OCT problem [8], than the 

“resonance one” when the fundamental frequency is 

set by the external influence. In fact most of the period 

is covered by the more hard TiN, whereas on the borders 
 

 
Fig. 9  The TiN/VN coating’s kernel KC(x) and its signature SK(x).  
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Fig. 10  The dependence of the TiN/VN multilayer coating on the porosity for the 5.2 nm whole period. 
 

 
Fig. 11  Some optimal composition variation laws calculated differently. 
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Fig. 12  The dependence of the TiN/VN coating hardness on the porosity for the 1st harmonic. 
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there are softer layers—VN. In this case one may say 

(if of course the solution does represent the facts) that 

the TiN/VN 1D “hardness quantum” is the three layers 

structure. (The nature—hard or soft—of the external, 

surface layer is determined by the concrete 

application, say wear or shock resistance.) It consists 

of two utmost VN layers 0.1 periods thick and the 

middle TiN layer 0.8 periods thick. As the 1st 

harmonic period is equal to 15.6 nm so the VN layer 

consists only of about 4 atomic layers (1.56/0.414 = 

3.77) and the TiN layer—of about 30 (1.56*8/0.424 = 

29.43).  

In fact, real performance criteria as well as state 

equations hardly corresponds in pure form to 

“structural” or “resonance” problem type but rather to 

the mixed one. That’s why the calculated optimal 

control parameter variation law corresponds neither to 

the structural, nor the resonance’s one. Only the 

experiment can show whether these conclusions 

represent the facts. 

5. Conclusion 

The experiment-calculated method to determine 

optimal coatings parameters has been worked out. It is 

based on the OCT and somehow analogous to the 

Fourier expansion. The method implies the fabrication 

of the specially prepared set of multilayered structures 

with multiply decreasing period, measuring of their 

FOMs (thus determining the FPC) and the calculation 

of integral transforms kernel (describing the coating 

FOM) using these FOMs as Euler-Fourier 

coefficients. This method is proved by the comparison 

of the strict OCT problem solution with the 

experiment-calculated one and the analysis of some 

experimental data. This method may be useful for 

decreasing the extent of preliminary investigations 

during the development of the coatings with set up 

properties.  
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